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A multidimensional analogue of Bezdek’s theorem is proved. If a unit m-dimensional cube
with a ball of diameter 1− 1/√m cut is contained in a countable union of strips, then the
sum of their breadths is not less than 1.
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0. In 1932 Polish mathematician A. Tarsky proved [5,4] that if a circle or a sphere is contained in a ﬁnite union of strips,
then the sum of breadths of these strips is not less than the diameter of that circle (sphere). Tarsky’s proof utilized a fact known to
Archimedes that the area of the part of the sphere in single strip is proportional to the breadth of that strip. Thus this proof
was not adapted to other ﬁgures or dimensions. In 1951 Dutch mathematician T. Bang proved [1] Tarsky’s conjecture that
if a union of ﬁnite set of strips contains a convex ﬁgure, then the breadth of this ﬁgure is not exceeding the sum of the breadths of the
strips. Given the ﬁnite set of strips, Bang built “economical” ﬁnite set K , such that no it’s image under rectilinear translation
is contained in the stripes’ union. Bang’s set K was helpful for some problems, concerning strips. Recently, A. Bezdek proved
[2] that in a unit square with cut square with edge 1− 1/√2, which edges are parallel to the edges of the initial square, for every set
of strips covering this holed square the sum of breadths is not less than 1. We will prove a multidimensional analogue of Bezdek’s
theorem, allowing countably many cubes being cut.
The idea of considering a multidimensional analogue of Bezdek’s theorem and cutting countably many cubes appeared
after M.V. Smurov’s report about Bezdek’s theorem. Assumption that the set of holes can be countable found its application
in the tasks provided by M.V. Smurov for mech–math’s school olympiad which took place on April 14th, 2002.
On October 14th, 2002, he was planning a report about Bezdek’s theorem and possible strengthenings on students’ circle,
but at 6 AM he died of infarction.
1. By a strip in m-dimensional euclidean space we mean a part of the space contained between two parallel planes. The
distance between the planes is the breadth of the strip.
Consider a ﬁnite set of strips S1, . . . , Sn . For every strips Si consider a segment Ii which is a common perpendicular to
the planes and deﬁnes that strip. Let J i be the ends of that segment. Minkowski sum of these two-point sets forms the
Bang’s conﬁguration K = J1 + · · · + Jn . There is also the following way of describing Bang’s conﬁguration.
Let ui be the vector, perpendicular to the planes, deﬁning the strip Si and having the length hi/2, of any direction. Let
us ﬁx a basis points O and K , or one of its translates, will be all the points Pε1,...,εn (in R
m), the radius vectors of which
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M.V. Smurov et al. / Topology and its Applications 157 (2010) 708–710 709are of the form ε1u1 + · · · + εnun , where εi = ±1. Obtained 2n-point set (or less) forms K which in future will be denoted
as Ku1,...,un .
Lemma 1. For every orthogonal basis in Rm Bang’s conﬁguration Ku1,...,un is contained in rectangular parallelepiped with edges,
parallel to basis vectors and with length of each edge not exceeding h1 + · · · + hn, and the sum of lengths of all measurements not
exceeding
√
m(h1 + · · · + hn).
Proof. Let us draw support planes to K , perpendicular to basis vectors. Obtained rectangular parallelepiped (possibly de-
generate) Πu1,...,un is a minimal possible parallelepiped, containing K with edges, parallel to basis vectors.
The length of the vector
−−−−−−−−−−−−−−→
Pδ1,...,δn Pε1,...,εn = (ε1 − δ1)u1 + · · · + (εn − δn)un is estimated as follows
|−−−−−−−−−−−−−−→Pδ1,...,δn Pε1,...,εn | |ε1 − δ1||u1| + · · · + |εn − δn||un| 2|u1| + · · · + 2|un| = h1 + · · · + hn.
So the diameter of K and thus the distance between parallel support planes is not exceeding h1 + · · · + hn .
Let the vector 2ui has coordinates {xi1, . . . , xim}. By Pythagorean theorem, x2i1 +· · ·+ x2im = h2i . Then, using theorem about
arithmetical and quadratic means, we obtain that |xi1| + · · · + |xim|√mhi . Adding these inequalities for all i, we obtain
m∑
j=1
n∑
i=1
|xij| =
n∑
i=1
m∑
j=1
|xij|
√
m
(
n∑
i=1
hi
)
. (1)
It is clear that the j-th coordinate x j of the vector
−−−−−−−−−−−−−−→
Pδ1,...,δn Pε1,...,εn equals (ε1 − δ1)x1 j/2 + · · · + (εn − δn)xnj/2. So|x j| |x1 j |+ · · ·+ |xnj |. Thus we see that j-th measurement of the parallelepiped Πu1,...,un does not exceed |x1 j |+ · · ·+ |xnj |.
Applying the inequality (1) ﬁnishes the proof. 
Lemma 2. Let the numbers b1, . . . ,bm; a1, . . . ,al and a be such that b1 + · · · + bm  a and for every index k = 1, . . . , l holds the
inequality a1 + · · · + ak−1 +mak  a. Then numbers a1, . . . ,al can be divided into m groups {1, . . . , l} = M1 unionsq · · · unionsq Mm, such that∑
i∈M j ai  b j for every index j = 1, . . . ,m.
Proof. By induction on the number l. Let l = 1. From the inequality b1 + · · · + bm  a, it follows that there exists such an
index j that b j  a/m. Then the chain of inequalities a1  a/m b j determines required partition of the one-element set of
indexes.
If the statement is true for l = k, we can prove it for l = k + 1.
Similarly to the case l = 1, there exists j such that a1  a/m  b j . Applying the induction proposal to the numbers
b1, . . . ,b j − a1, . . . ,bm; a2, . . . ,ak+1 and a − a1 ﬁnishes the proof. 
The proof of the following statement which was present implicitly in Bang’s article can be found in M.V. Smurov’s and
A.V. Spivak’s article [3] where there are also many its applications.
Bang’s Lemma. If strips S1, . . . , Sn are open, then for every their location in space at least one point of the set Ku1,...,un is not contained
in any strip.
Theorem. Let us considerm-dimensional unit cube Im with a countable set of open cubes Im1 , . . . , I
m
k , . . . being cut. The edges of the cut
cubes are parallel to the edges of Im and their lengths are a1, . . . ,ak, . . . accordingly. Then, if for every index k the following inequality
is true a1 + · · ·+ak−1 +mak m−
√
m and the set Im \⋃∞k=1 Imk is covered by a countable set of strips S1, . . . , Sn, . . . with breadths
h1, . . . ,hn, . . . accordingly, then h1 + · · · + hn + · · · 1.
Proof. Step 1. Let the number of cut cubes be ﬁnite. Assuming H = h1 +· · ·+hn < 1, strips can be enlarged so that the sum
of breadths of new strips will be still less than 1. Consequently, we can assume that all the strips are open.
Let us consider Bang’s set Ku1,...,un and a parallelepiped Πu1,...,un from Lemma 1 for basis, deﬁned by the edges of the
given cube Im .
Let us translate the parallelepiped Πu1,...,un in such a manner that one of its polyhedral angles will coincide with poly-
hedral angle of the cube Im .
By Lemma 1, parallelepiped Πu1,...,un will be contained in the cube I
m . Let c j denote the length of it’s edge in j-th
dimension. Then, by Lemma 1, we have the following inequality for the numbers b j = 1 − c j and a = m − √m: b1 + · · ·
+ bm  a. Consequently, numbers b1, . . . ,bm; a1, . . . ,al and a satisfy the conditions of Lemma 2. Thus there is a partition of
the set of indexes {1, . . . , l} = M1 unionsq · · · unionsq Mm , such that ∑i∈M j ai  b j for every index j = 1, . . . ,m. Then, for every cube Imi
consider index j, such that i ∈ M j . Now, let us add to the existing n strips l another (open) strips, one for every cut cube, in
the way that new set of strips will be covering the whole Im . More precise, cube Imi must be covered by a strip of breadth ai
perpendicular to the j-th coordinate axe.
According to Lemma 2, Bang’s set Ku1,...,un,un+1,...,un+l of the new system of strips is contained in I
m and thus all it’s
points are covered by strips. This statement contradicts Bang’s lemma.
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The strips can be enlarged so that the sum of breadths of new strips will be still less than 1. Consequently, we can assume
that all the strips are open. We can ﬁnd a ﬁnite subcover of our open cover Im \⋃lk=1 Imk which contradicts Step 1.
Step 3. Let the number of cut cubes and the number of strips be inﬁnite. Suppose that h1 + · · · + hn + · · · < 1. It follows
from the statement that the series a1 + · · · + ak + · · · converges. Consequently, there is an index l, such that h1 + · · · +
hn + · · · + al+1 + · · · < 1. Let us add to the existing strips another ones that cover cubes Imi for i  l + 1 with breadths ai
accordingly. By Step 2, the sum of breadths of all strips can not be less than 1. 
Note. It is proved in [1], that if we consider covers by cylinders under ﬂat sets instead of strips, the Bang’s theorem
analogue will not be true. Thus the Bang’s theorem analogue is not true for t > 1 in the case of strips being cylinders under
t-dimensional balls.
In 2008 the book [3] was released, devoted to the memory of Dmitriy Botkin (22 March 1968–8 March 2004), the
graduate of the chair of general topology and geometry. The book contained [3, pp. 87–94] his schooltime scientiﬁc work
about the application of the Bang’s theorem to the estimation of the inscribed ball radius. We considered it possible to use
his idea in this work.
Corollary. Let X be a m-dimensional unit cube Im, with a cut open cube with edges parallel to the ones of Im and with the length a.
Then, if X is divided by n hyperplanes and the following inequality holds m(a + 1n+1 )  (m −
√
m )(1 − 1n+1 ), then a ball of radius
R = 12(n+1) can be inscribed into at least one of the formed polyhedra.
Proof. Consider the number R = 12(n+1) . Inside the given cube Im consider the cube with the same center and edge of length
1− 1n+1 . Enlarge the cut cube to the open cube with the same center and edge of length a+ 1n+1 . Obtained diminished cube
with enlarged cut hole satisﬁes the conditions of the theorem.
Around each hyperplane section consider open stripe of breadth 1n+1 , symmetrical relatively to this hyperplane. The sum
of breadths of these n open stripes is equal to the edge of diminished cube. Thus diminished cube contains a point which
does not belong to any of the stripes. Since the shift from all the parts’ borders is at least R , the ball with a center in this
point and radius of R is contained in one of the parts of the initial cube. 
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